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IV. A Letter from Mr. Colin Mac Laurin, Profef- 
for of Matbematicks at Edinburgh, and F.R.S. 
to Martin Folkes, Bfq ; V* Pr. Rt 5. concer¬ 
ning AEquations with impoffible Roots . 

SIR , 

J Wrote to you lafl: Winter, that I had thought of a 
very eafie and Ample way of demonftrating Sir 
Ifaac Newtons Rule, by which it may be often difco- 
ver’d when an ^Equation has impoffible Roots. This 
Method requiring nothing but the common Algebra, 
and being founded on iome obvious Properties of 
Quantities demonftrated in the following Lemmata , 
without having recourfe to the Confideration of any 
Curve whatfoever, which does not feem fo proper a 
Method in a Matter purely Algebraical, I hope it will 
not be unacceptable. 

Lemma i. The Sum of the Squares of two real 
Quantities is always greater than twice their Product. 
Thus a'r{-p is greater than z ab; becaufe the Excefs 
a XJ rh' l ~zab is eqaal to a and therefore is Pofitive; 
fince the Square of any real Quantity, Negative or Po¬ 
fitive, is always Pofitive. 

Lemma z. The Sum of the Squares of three real 
Quantities is always greater than the Sum of the Pro- 
duds,that can be made by multiplying any two of them. 
Thus a'+b 1 - fc 2 is always greater than a b-+a c-\b c ; 
for’tis plain, that the Excefs a*-\-P -t-^—a b—ac—bc 
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— a j e-\-e* _ iZ.; that is, half the Sum of the 

2 

Squares of the Differences of the Quantities a, &,c: 
But fmce thefe Squares are Pofitive, it follows, that 
the Excefs of a 2 -\-b l +c 2 above ab-\-a c+bc is Pofitive, 
and that the Sum of the Squares of three Quantities 
muft be greater than the Sum of the Products made 
by multiplying any two of them. 

Lemma 3. The triple Sum of the Squares of four 
Quantities is greater than the double Sum of the Pro¬ 
ducts,that can be made by multiplying any two of them ; 
for 3 a 7 4- 3 b 1 ^ 3 f’-f 3 d‘ —tab — zac — zad —2 be 

— zb d — z c d = a* — zabArfr + a 2 — z ac + c 2 •+ a 2 

— z a d -f d‘ + b 2 — zb d -V d 2 b 2 — z b c + c 2 ■+• c* 

— Z C d -f* d 2 —a — d-^ 4 ti—c Mr a~d "b b—c b—d + c-d 2 , 

the Sum of the Squares of the Differences of the four 
Quantities a, b> c, d. Therefore 3 a 2 + 3 b 2 +3 
is greater than z a b -b zac-^zad-^ zb c -b z b d 
+ 2 c d, the Excefs being always Pofitive. 

Lemma 4. Let the Number of the Quantities a B , 
c, d , e , &c. be w, the Sum of their Squares A, and the 
Sum of the Product s mad e by multiplying any two of 
them B. Then fhall be alwa Y s Skater than B. 

2 

For by adding together the Squares of the Differen¬ 
ces a-by a-c y a-dy £-c, b~d, c-d, &c. you add a 2 as 
often to it felf as there are Quantities more than a; 
the fame is true of b\ c% d % *% &c. But the Rectan¬ 
gles -z a by —z acy —za d , —2 b c , —2 bd y &c. arife 
but once each. Therefore the Sum of all. the Squares 

'a-b\ T~c\ b^cy b—d\&tC. =w— IX \%b l + m— x Xc l , 
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-\-PZI~c 4-&c. is always a Pofitive Quantity,* 
therefore m — i x a — r B is Pofitive, and conkqucntly 
r^TTi x a greater than B. 


Cor. Tt appears from the Pemonftratlon thattheExc* fs 
of m— i x a above z B is always equal to the Sum of 
the Squares oi the Differences of the Quantities aJ,c.<t, 
&c and that when the Quantities a, b, c d &c. ate all 
equal, then i x/f — z B—o, and with rhis reftridti- 
on the preceding Lemmata muff be underuood. 

It is to be obferved, that rho’ we have luppofed in 
thefe Lemmata the Quantities a b. c, d\ &c Pofitive, 
they are a fortiori true of Negative Quantities, whole 
Squares are the lame as if they were Pofitive, while 
the Sum of their Produ&s is either the fame, or lefs 
than it would be, were they all Pofitive. 

PROP. L 

In a Quadratic Equation that has its Roots real, the 
Square of the fecond Term muff be always greater 
than the quadruple Produdt of the third and firft 
Terms. 

Let the Roots of the Quadratic ./Equation be repre- 
fented by -J- a and -j- h ; and if x b'e the unknown 
Quantity, then fhall x-—a x~\~ ab — o 

—b x 

Now fince is greater than zab^hy Lemmax % 

therefore a 1 + *• a b is greater than 4 ah, there¬ 
fore ^fTxx', the Square of the fecond Term, will be 
greater than 4 a b^x* the Quadruple Produdl of the 
firff and third Terms. 


PROP. 
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PROP. II. 

In any Cubic ^Equation, all whofe Roots are real, 
the Square of the fecond Term is always greaser than 
the triple ProduA of the firUand third. 

If the Cubic Equation has all its Roots real they 
may be rtprdented with their Signs by c, and the 
./Equation will be expreflld thus: 

yi — ay’-j-a by — .1 1 c—o 
— by'- j_ a cy 
•—c j*-j -1 cy 

But by Lemma z, a’q-^'q-c 1 is always greater than 
a b-\-a c-\-b c ; and confequently adding 1 a l- |~z a c~\- z l c 
to both lides, <7 ? q— b'—j—c*—a b — j — ^ a cq—z be i.^^qq^q— c ^ 
will be greater than 3 a ^4-3 ac-fq be ; and therein re 

h-i-o+c x> 4 muff be greater than £7T+T^+TiTc x/S 
that is, the Square ot the feccnd Term mud be greater 
than the triple Produdt of the firft and third Terms. 

Cor. 1. In general, it appears from the Demonflra- 
tion, that the Square of the Sum of three real Quan¬ 
tities, /jq-T-f-c* is always greater than the triple Sum 
of all the Produ&s, that can be made by multiplying 
any tw'o of them into one another. 

Cor. z. It follows from the Proportion, that when 
the Square of the fecond Term is not greater than the 
triple Produdl of the firft and third Terms, the Roots 
of the /Equation cannot be all real ; but turn of them 
mufl: be impoflible: And this plainly coincides with 
one Part of Sir Ifaac Newton's Rule for difeovering 
when the Roots of Cubic ./Equations are impoflible. 


He 
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He defires you may write above the middle Terms 
of the Equation the Fractions 3 A , f as , 
in the Margin ; and placing the Sign x>+ ] xl ^ x+r ^ 0 
*4- under the firft and lafl: Term, + - # -f. 

he multiplies the Square of the fe- 
cond Term by the Fradion / that is above it; and if 
the Produd is greater than the Produd of the adjacent 
Terms, he places -f under the fecond Term j but if 
that Produd is Ids, he places — under the fecond 
Term, and fays, there are as many impoffible Roots 
as Changes in the Signs. Now by this Propofition, if 
p 2 x* is not greater than 3 qx\ or Ip 2 x 4 greater,than 
q x* t the Roots cannot be all real. The fame Suppofi- 
tion makes two Changes in the Signs, whatever Sign 
you place under the third Term, fince the Signs under 
the firft and laft are both -f ,• and therefore this Propo¬ 
rtion demonftrates the firft Part of Sir Ifaac Newtons 
Rule, as far as it relates to Cubic Equations. 

Cor. 3. If the fecond Term is wanting in a Cubic 
^Equation, and the third is Pofitive, two of the Roots 
of the ^Equation mud be impoffible : For the Square of 
the fecond Term (equal to nothing in this Cafej will 
be lefs than the triple Produd of the adjacent Terms. 
But this will better appear from confidering that, when 
the fecond Term vanilhes in an ^Equation, the Pofitive 
and Negative Roots are equal,and when added together, 
deftroy each other. Suppofe the Roots to be -f a and 

— b,—c ; then in this Cafe a— + and the Co¬ 
efficient of the third Term will be —ab — ac-^-bc 

— — fr — 2. be — c 1 -\~b c — -— b 2 — be — c 2 , and con- 
fequ^ntly Negative. Or, if you fuppofe two Roots 
Pofitive and one Negative, let them be — a, + b,-j~e, 
then the Coefficient of the third Term will be itill 
—/s — l c — c \ Therefore when the Roots are real, 

the 
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the Coefficient of the third Term is negative; and if 
the Coefficient of the third Term is not affcded with 
a negative Sign, it is a Proof that two of the Roots 
are Impofiible. 


PROP. III. 

In any Cubic Equation, all whofe Roots are real, 
the Square of the third Term muft be greater than the 
triple Produd of the fecond and fourth Terms. 

In the fame Cubic Equation, whofe Roots are a, b, c, 

the Square of the third Term is JF-fTT-fTc, the Pro- 
dud of the fecond and fourth Terms is a 2 bea b 2 c 
4- a be 1 , as is plain from the Infpedion of the &- 
quation ; and it is obvious that a 2 b c-\-a b 2 c-j-a b c 1 
is the Sum of the Produds of any two of the 
Terms a b, a c, b c ; and therefore by Carol, t Prop. 
%. the Square of the Sum of thefe Terms, that is, 
; + muft be greater than 3 a 1 bc-\- 3 ab 2 c -f- 

3 a c 2 b. So that xy 1 muft be greater than 

X y*: that is, the Square of the 
third Term muft be greater than the triple Produd of 
the fecond and fourth Terms. 

Cor. 1. It follows from the Demonftration, that 
ac-\- be 1 is always greater than 3 a be x J-f b '-fc. 

Cor. 2. If the Square of the third Term is found 
to be lefs than the triple Produd of the fecond and 
fourth Terms, then the Roots of the Equation cannot 
be all real Quantities ; and this concludes with the fe¬ 
cond Part of Sir Ifaac Newtons Rule for finding when 
the Roots of a Cubic Equation are , ^ 

impofiible: For this Cafe gives —■ to # J +p* l 4 -qx-\-r—o 
be placed under the third Term, and + #■ — -f 

P con- 
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confequently two Changes of the Signs, whatever Sign 
is placed under the fecond Term. 

Schol. After the fame manner,it may bedemonftrated, 
that in a CubicAquation,whofe Roots are all real, if the 
fecond Term is wanting, the Cube of the third Part of 
the third Term taken pofitively, is always greater than 
the Square of half the laft Term. Suppofe that the 
Roots of the Equation are -f- —b, — c, or — 

-f c, and that a=b-\-c, then the fecond Term in the M- 
quation will be wanting, and the other Terms wilt be 
exprefted thus: 

y * •^•~~b 2 y~^Jb c x b —(— e 
—bey 
— c J y 


The Square of l—c is always pofitive, fince l and e 
are real Quantities. Suppofe it, (viz. 1 2 — z bc + c*’) 
equal to £), then l c-\-c r — D -f- t 3 bc t and b -f-c 1 
= D -J- 4 b c. Therefore b> + bec* _d< _j_ d* be Db* 


27 27 3 


» ; 11 b ~D b 1 c 1 ^ 1 ' 

c z —p. and b 1 c z X -= . . b y c*< 

4 4 

, D> D* be , , , . . 

that — -f--b pb l c'+b* c 3 is greater than 


Now 'tis obvious 


27 1 3 • - - - , _ - 0 -— 4 

+ h c } , fince D is pofitive, and b c alfo pofitive, b and 
e being Roots having the fame Sign. Therefore the 
Cube of * of the third Term having its Sign changed 


H-* c _+ c b ^ j s a lways greater than the Square of 

half the laft Term (= b> c* In the Cubic JE- 

quation x 3 # + if 2 be pofitive, or if it 


be 
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be negative and ~ t y be lels than r*, it appears that 

two Roots of the ^Equation mud be impoffible, from 
this Corollary, and from Or. 3. Prop. 2. taken toge¬ 
ther. 


PROP. IV. 

In a Biquadratic ^Equation, all whofe Roots are real 
Quantities, 4 of the Square of the fecond Term is al¬ 
ways greater than the Product of the firft and third 
Terms ; and 4 of the Square of the fourth Term is al¬ 
ways greater than the Product of the third and fifth 
Terms. 

i. Let the Equation be x 4 —p x'A-q x 1 —r x-j-rz&a • 
and fince the Roots are fuppofed to be all real, let 
them be reprefented by a b, c , d then p=a+b-\-c+d, 
and q—a l-\-a e-\-a d-\-b c-\-b d-\-e d But it is plain from 
Lemma 3, that 3 a 2 -\- 3 b* 4.3 c 2 4.3 d l is greater than 
id ddf. xlc-\-2. b d-\- zed; and con- 

fequently by adding 6 ab 4. 6 ac 4. 6 a dy~ 6 bc-y 6 bd 

4. 6 c d to both, we fhall find that 3 / 

mud be greater than 8 ab~\- 8 <1 c 8 </-f. 8 be- f. 8 

l d-y Bed; that is, 3 ^greater than 8 q $ and there¬ 
fore 4 p 1 x 6 greater than q x 6 . 

x. Since r == a be 4. ald-\- a c d 1 c d, and j= 
a b c d; and fince q s is equal to a 1 b 1 c d 4- a x c 1 b d 4. 
4» d i b c b l c l a d -|- b l d x a c 4. c l d i a l, which are the 
Produ&s can be made of any two of the Quantities 
a l c, a Id, a c d; led, whofe Sum is r multiplied by 
one another j it follows, that 3 r 2 is always greater than 
8 q s: So that 4 of either the Square of the fecond 
Term, or of the Square of the fourth Term, mud al- 

P 2 ways 
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ways be greater than the Pradu<£ of the Terms adja¬ 
cent to then!. 

Cor. Multiply either the Square of the fecond Term,or 
the Square of the fourth Term of a Biquadratic Aqua 1 * * 4 - 
tion by *, and if the Produrft does not exceed the Pro¬ 
duct of the adjacent Terms, fome of the Roots of that 
Equation mult be impoffible. 

PROP. V. 

In an Equation of any Dimension exprefled by m, 
the Coefficients of the fecond, third, lafl, laft but one, 
and laft but two Terms, being refpe&ively A t B> £>, 
Df C if the Roots of the Equation are all real, then 
fliall ~i x always be greater than x m B, and m-1 x 
D 1 greater than r m Q E. 

i. For fuppo/ing the Roots to be a. b, c, d\ e. &c. 
then by Lemma 4, fliall m— 1 x a 1 1 x + m — 1 xe* 
&c. be greater than xah~i-iac + xjt d, &c. and ad¬ 
ding m—x x4c-1- a nu~i X ad,& C. tO both , 

the Sum m—i x.«‘ -f- im—x X ab -j-m—i y.b l ~\- 1 

x rt-f b -fcT&c. 1 ) muft be greater than 2 m al 4. 1 m a c 

4. i mad, dec. that is, m-.ixA x muft be greater than 
2 m B. 

». In general, it. follows from this Demonftration, 
that the Square of the Sum of any Quantities whofe 
Number is («') multiplied by m —r ,muft be greater than 
the Sum of all the Produtfts can be made by multiply¬ 
ing any two of them, multiplied by 2 m. But it is ealie 
to fee from the Genefis of Aquations,that C E is the Sum 
of the Products can be made by multiplying any two of 
the Terms whofe Sum is Dt From which it follows,that 
m~i x D l muft be always greater than 2 mCE. 
to he continued. 


V. A 



